Abstract. Suppose that V ,W be a symplectic space and a quadratic space respectively over . Let g 1 , g 2 be the Lie algebras of the groups of isometries of two spaces. Let τ i : V ⊗ W → g i be the moment maps and be the closure of a nilpotent orbit in g i for i = 1 or 2. In this paper we show that τ 3−i (τ −1 i ( )) is a union of at most two closures of nilpotent orbits in g 3−i .
Introduction
Let F be the complex number field or the real number field . Let (V , 〈, 〉) be a (non-degenerate) symplectic space and (W , (, )) be a quadratic space over F . We define a symplectic form 〈〈, 〉〉 on the space V ⊗ F W by:
where e, f ∈ V and v, w ∈ W . Let sp(V ) be the Lie algebra of the symplectic group Sp(V ) on V , and let so(W ) be the Lie algebra of the orthogonal group O(W ) on W .
The pair of groups (Sp(V ), O(W )) is a so called reductive dual pair ([How89] ).
Let φ 1 : V ⊗ W := V ⊗ F W → Hom F (V ,W ) be the vector space isomorphism given by φ 1 (v ⊗ w)(x) := 〈v, x〉w, and let φ 2 : V ⊗ W → Hom F (W ,V ) be the isomorphism given by φ 2 (v ⊗ w)(y) := (w, y)v. Define the maps τ 1 : V ⊗ W → End F (V ) by τ 1 (γ ) := φ 2 (γ ) • φ 1 (γ ), and τ 2 : V ⊗ W → End F (W ) by τ 2 (γ ) := φ 1 (γ ) • φ 2 (γ ). It turns out that the image of τ 1 is in sp(V ) and the image of τ 2 is in so(W ). The maps τ 1 and τ 2 are called the moment maps ( [KKS78] ). An element X ∈ sp(V ) is said to be corresponding to an element X ′ ∈ so(W ) if τ (ii) Let be a nilpotent orbit in so(W ) and is contained in the image of τ 2 . Then there is a unique nilpotent orbit ′ ⊆ sp(V ) such that τ 1 (τ −1 2 ( )) = ′ .
We have a slightly more precise form of the theorem in this paper (Theorem 4.1). Our main theorem is the following analogous result for real orbit correspondences.
Theorem B. Suppose F is . Let τ 1 : V ⊗ W → sp(V ), τ 2 : V ⊗ W → so(W ) be the moment maps.
(i) Let be a nilpotent orbit in sp(V ) and is contained in the image of τ 1 . Then τ 2 (τ 1 −1 ( )) is the union of at most two closures of nilpotent orbits in so(W ).
(ii) Let be a nilpotent orbit in so(W ) and is contained in the image of τ 2 . Then τ 1 (τ 2 −1 ( )) is a union of at most two closures of nilpotent orbits in sp(V ).
The motivation of the results is as follows. Suppose G is a real reductive group with Lie algebra g 0 . Let g := g 0 ⊗ be the complexified Lie algebra of the complexified group G of G. Let K be a maximal compact subgroup of G. Given an irreducible admissible representation (π, E) of G, we can attach it a union of nilpotent co-adjoint orbits of G in g * , the dual space of g, as follows. Let E K be the subspace of K-finite vectors of E. Then E K is an irreducible (g, K)-module. We still denote the action of g on E K by π. Let I π be the annihilator of E K in U (g), the universal enveloping algebra of g. U (g) has a natural grading and the associated graded algebra gr(U (g)) is isomorphic to the algebra of polynomials on g * . Let (I π ) denote the variety in g * defined by the ideal gr(I π ) of gr(U (g)). It is known that (I π ) is a finite union of nilpotent orbits in g * . Moreover, (I π ) is the closure of one nilpotent orbit ( [CM93] , [Jos85] ). The variety (I π ) is called the associated variety of the representation (π, E) of G. By the result of R. Howe ([How89] ) it is known that there is a one-to-one correspondence between some irreducible admissible representations of the metaplectic cover Sp(V ) and some irreducible admissible representations of O(W ). Therefore, the relation between the correspondence of co-adjoint orbits and the correspondence of irreducible representations should be expected. Some results have been established in [Ada83] , [Ada87] , [Prz93] ,
and [Vog91] . Moreover, Theorem B might be interesting for studying representations for real group by using finer orbit structures such as wave front sets or characteristic varieties. In fact, this result is used in [He03] and [He05] .
The content of this paper is as follows. In sections 2 and 3 we summarize of some well known results on nilpotent orbits in sp(V ) or in so(W ). We describe some special realization of the Lie algebras sp(V ) and so(W ) and the parametrization of their nilpotent orbits by some special kinds of partitions. In section 4 we describe the results of complex orbit correspondences. The proofs are omitted since the results in this section is already known in [DKP97] . In section 5 we describe the basic rules to determine the real orbit correspondence. We have our main theorem in section 6. The construction is a little subtle although the idea is in fact very simple. The proof of the main theorem is in the final section.
The first draft of this paper was finished in the summer of 1995. The author would like to thank Professor Dan Barbasch for suggesting this subject and teaching him the basic material. In fact most parts of sections 3 and 5 are rewritten from his note. The author also want to thank referee for several very helpful suggestions. 
] are two partitions of the same size. We define
for each j ≥ 1. 
Symplectic and orthogonal partitions. A partition
⌋), ⌊a⌋ stands for the largest integer not greater than a, and ( p, q) + (r, s) is defined to be ( p + r, q + s). That is, the first (resp. second) component of the signature is the number of the plus (resp. minus) boxes in any presentation of a signed partition.
2.5. Derivatives of signed partitions. Define the derivatives of a partition or a signed partition as follows.
For two pairs of positive integers the order ( p, q) ≤ (r, s) stands for p ≤ r and q ≤ s.
Suppose that d 1 and d 2 are two signed partitions of the same signature. We say that 
for some positive integer r . A sum of simple orthogonal signed partition is an orthogonal signed partition.
Nilpotent Orbits and Moment Maps
3.1. Nilpotent orbits in a symplectic Lie algebra. Let F be the field or . Let V be a 2n-dimensional symplectic space over F with form 〈, 〉. The Lie algebra sp(V ) consists of elements X ∈ End F (V ) such that 〈X .v, w〉 + 〈v, X .w〉 = 0 for all v, w ∈ V . The Lie algebra sp(V ) can be realized as the space S 2 (V ) of degree two elements in the symmetric algebra of V with the Lie bracket given by
It is well known that the nilpotent orbits of the symplectic group Sp(V ) in sp(V )
are parameterized by the set of symplectic signed partitions of size 2n when F = ([CM93]). We can take e 1 f 2 + · · · + e r −1 f r + e r e r as a representative of the nilpotent orbit corresponding to the simple signed partition [2r ] − where {e 1 , · · · , e r , f 1 , · · · , f r } is a self-dual basis of a 2r -dimensional symplectic subspace of V . Similarly, we can take e 1 f 2 +· · ·+e r −1 f r −e r e r as a representative of the nilpotent orbit corresponding to [2r ] + , and e 1 f 2 + · · · + e 2r −2 f 2r −1 as a representative of the nilpotent orbit corresponding to
3.2. Nilpotent orbits in an orthogonal Lie algebra. Let W be an m-dimensional quadratic space over F with form (, ). The Lie algebra so(W ) can be realized as the space 2 (W ) of degree two elements in the exterior algebra of W with the Lie bracket given
It is well known that the nilpotent orbits of the orthogonal group O(W ) in so(W ) 
for every k ≥ 0.
3.4. Moment maps. Let
be the isomorphisms of vector spaces given by
for v, x ∈ V and w, y ∈ W . Define the moment maps τ 1 : V ⊗ F W → End F (V ) and
It is known that
and so(W ) = 2 (W ).
The Orbit Correspondences for Complex Reductive Dual Pairs
In this section, we assume that F = . Let V be a 2n-dimensional complex symplectic space and W be an m-dimensional complex quadratic space. Let τ 1 , τ 2 be the moment maps given in subsection 3.4.
4.1. The purpose of this section is define a nilpotent orbit Φ(λ( )) in so(W ) for a nilpotent orbit in sp(V ) such that the following theorem holds.
Theorem. Let be a nilpotent orbit in sp(V ) that is contained in the image of τ 1 . Then
].
It is not difficult to see that the partition
4.3. Now we define ψ 1 (d) and ψ 2 (d) according to the following cases:
(ii) Suppose that 0 ≤ m − 2n ≤ α. Define 
Note that the definitions of ψ 1 (d) and ψ 2 (d) depend on m and 2n.
In this subsection we define the element
Suppose that
where the numbers f j i satisfy the following order: 
(b) Otherwise, we define
(ii) Suppose that β is odd. Let f
be the three median numbers in
are odd and y 2 is even, we define
Then we define
or an orthogonal partition of size m. Define
i.e., Φ( ) is a nilpotent orbit in so(W ) if it is non-empty. 
4.6.
Proposition. Suppose that is a nilpotent orbit contained in the image of τ 1 . Then Φ( ) is the unique maximal element and φ( ) is the unique minimal element in the set of nilpotent
4.7. Suppose that we are not in the case (iv) of subsection 4.3. Now we want to define
] be the smallest element in the ordered sequence (4.3.1) satisfying the condition (4.7.1)
where x 0 is some number between 1 and k and y 0 is between 1 and α x 0 . Define
It is clear that 0 ≤ σ < r y 0 x 0 and 0 ≤ δ. We define λ(d) according to the following cases:
is even or y 0 is odd, we define
, if σ is positive and even.
where
(ii) If r y 0 x 0 is odd and y 0 is even, we define
It is not difficult to see that λ(d) is a symplectic partition of size 2n and
4.8. Example. Suppose that 2n = m := 60, and d :
= 6, α 1 = 6, α 2 = 2 and k = 2. Therefore,
i.e., x 0 = 2 and y 0 = 1. Hence, σ = 0
which is even, and δ
[ f 
4.9.
Proposition. Let be a nilpotent orbit contained in the image of τ 1 . Then Φ(λ( )) is the unique maximal element in the set { Φ( ) | ≤ }.
The Rules for Simple Signed Partitions
From now on to the end of this paper we assume that F = . Let τ 1 , τ 2 be the maps defined in subsection 3.4.
Suppose that
is a nilpotent orbit in sp(V ) that is in the image of τ 1 , d is the signed partition corresponding to and γ is an element in
is a simple symplectic signed partition introduced in subsection 2.6. Now γ can be written 
Therefore, τ 2 (γ ) has a block of the form
This block corresponds to
are allowed to be nonzero;
is allowed to be nonzero; Let γ be an element in V ⊗ W such that τ 1 (γ ) is in the nilpotent orbit corresponding to 
The Construction for Real Cases
In this section, we assume that F = , V is a 2n-dimensional real symplectic space and W is an m-dimensional real quadratic space with signature ( p, q). Let τ 1 , τ 2 be the moment maps given in subsection 3.4.
The purpose of this section is to define an orthogonal signed partition Φ(λ(d, Q))
for an admissible signed Young diagram (d, Q) such that the following main theorem holds.
Theorem. Let d be a nilpotent orbit in sp(V ) contained in the image of τ 1 . Then
where the union runs over all possible admissible signed Young diagrams of the signed partition d. Moreover, the union consists of at most two closures of nilpotent orbits.
The proof of the theorem is in subsection 7.8.
be a symplectic signed partition of sized 2n where
satisfy the following conditions:
where 
We define a total order on the set { [b (i) Suppose that q ≥ n and β − α ≥ p − n. Then we have p ≥ n and β > β − α − ( p − n) ≥ 0. So there exists a unique number ν between 0 and l such that
(ii) Suppose that q ≥ n and p − n > β − α ≥ p − q. It is clear that both d 1 and
(iii) Suppose that q ≥ n, p −q > β−α ≥ −(q −n). Clearly both d 2 and q −n −d 2 are nonnegative. Now β−α + d 2 is equal to β or β−α +(q − n).
also nonnegative. We define
(iv) Suppose that q ≥ n and
there is a unique number µ between 0 and k such that
(v) Suppose that p ≥ n > q ≥ n −β and β−α ≥ p −q. Hence, we have
(vi) Suppose that p ≥ n > q ≥ n − β and p − q > β − α ≥ n − q. Now both
there is a unique number ν ′ such that
(vii) Suppose that p ≥ n > q ≥ n −β and n −q > β−α. Hence, α ≥ α−β−q +n > 0 and β ≥ n−q > 0. Let µ, ν ′ be the numbers such that
and
Let µ and ν ′ be the numbers such that
(x) Suppose that p < n − α, or q < n − β. In this case we define
6.4.
Lemma. Let ψ 1 (d) be defined as above. Write
i.e., the number of positive rows of ψ 1 (d) is equal to the number of negative rows.
Proof. For case (i) in subsection 6.3, we have
for this case.
Next we consider case (ii). We have
. The checking for other cases is similar. We skip it.
From the lemma we know that the number of rows of ψ 1 (d) is even.
6.5.
Lemma. Let [r
] * be the two median elements with respect to an order on the set of rows of 
−18, 3} = 1, and β−α = 4. So we are in case (i) of subsection 6.3. Now
Note that the number of positive blocks in ψ 1 (d) is equal to the number of negative blocks. It is not difficult to see that there are 42 different signed
6.8. Admissible signed Young diagrams. Let d be a symplectic signed partition given in subsection 6.2. Rewrite d as
where each " * " is "+" or "−" as usual, and these r j i
's satisfy the condition r 1 ] * is a positive row, then we define
(ii) If r y 0 x 0 is odd, y 0 is even and [r
] * is a negative row, then we define
(iii) If not in the above cases, then let
Clearly λ(d, Q) is a signed partition of signature (n, n). Moreover, we can check that
is a symplectic signed partition. 
First we consider Q 1 . Under the admissible order Q 1 it is easy to check that [r ] * is a negative row. So we are in case (ii) of subsection 6.10 and
For Q 2 , we have [r
By the same argument we have
For Q 3 , we have [r 
For Q 4 , we have [r
By the same argument for Q 3 we have ] * is a row of the same length but opposite sign. From the construction we know that these two situations are the only chances to obtain different signed partitions
6.13. 
] * is a positive row, and σ = 0. So we are in case (iii) of subsection 6.10.
It is not difficult to check that there are two signed Young diagrams
7. The Orbit Correspondences for Real Reductive Dual Pairs 7.1. Keep the assumption that F := . Let φ, Φ be the maps defined in subsection 6.6
Proposition. Let be a nilpotent orbit in sp(V ) such that is in the image of τ 1 .
Then Φ( ) is the union of maximal elements in the set of nilpotent orbits contained in
The proof of this proposition is in subsection 7.4. ( ′ )) for any nilpotent orbit ′ in so(W ). Moreover, we have
We know that Φ(λ(d,Q)) is contained in τ 2 (τ (φ ′ ( ′ )). By (7.8.2) we see that ′ is contained in τ 2 (τ
By Lemma 6.12 we know that (d,Q) Φ(λ(d,Q)) is a union of at most two closures of nilpotent orbits.
